A restrained k-rainbow dominating function (RkRDF) of a graph G is a function f from the vertex set V (G) to the set of all subsets of the set {1, 2, . . . , k} such that for
Introduction
In this paper, G is a simple graph with vertex set V (G) and edge set E (G) ( The domination number γ(G) is the minimum cardinality of a dominating set of G. For a more thorough treatment of domination parameters and for terminology not presented here see [17, 22] .
A subset S of vertices of G is a restrained dominating set if N [S] = V and the subgraph induced by V − S has no isolated vertex. The restrained domination number γ r (G) is the minimum cardinality of a restrained dominating set of G. The restrained domination number was introduced by Domke et al. [14] and has been studied by several author (see for example [12, 13] ). The restrained bondage number b r (G) of a nonempty graph G is the minimum cardinality among all sets of edges F ⊆ E (G) for which γ r (G −F ) > γ r (G) . The restrained bondage number has been investigated in [15, 18] .
For a positive integer k, a k-rainbow dominating function (kRDF) of a graph G is a function f from the vertex set V (G) to the set of all subsets of the set {1, 2, . . . , k} such that for any vertex v ∈ V (G) with f (v) = the condition u∈N (v) f (u) = {1, 2, . . . , k} is fulfilled. The weight of a kRDF f is the value w ( f ) = v∈V | f (v)|. The k-rainbow domination number of a graph G, denoted by γ r k (G), is the minimum weight of a kRDF of G. Note that γ r 1 (G) is the classical domination number γ(G). The k-rainbow domination number was introduced by Brešar, Henning, and Rall [7] and has been studied by several authors (see for example [2, 3, 8, 9, 10, 19, 20, 21, 23, 24] ).
A k-rainbow dominating function f is called a restrained k-rainbow dominating function
has no isolated vertex. The restrained k-rainbow domination number of G, denoted by γ r r k (G), is the minimum weight of an RkRDF
is a restrained dominating set, and since placing {1, 2, . . . , k} at the vertices of a restrained dominating set yields an RkRDF, we have
The restrained k-rainbow domination number has been investigated in [1, 5] .
Let G be a graph of order n ≥ k + 1 with γ r r k (G) < n. The restrained k-rainbow bondage number b r r k (G) of G is the minimum cardinality of all sets
The k-rainbow bondage number b r k (G) for usual k-rainbow domination number was introduced by Dehgardi et al. in [11] and has been studied by several authors [4, 6] .
One possible application of the concept of k-rainbow restrained domination is that of cities and emergency guards. Here, every vertex with a positive weight in a k-rainbow restrained dominating function, corresponds to a position of an emergency guard and each vertex not occupied by an emergency guard corresponds to a position of a city without any emergency guards, which is adjacent to at least one other deprived city. The k-rainbow restrained bondage number measures the vulnerability of the connection between situations under unpredictable events or attacks. The minimum k-rainbow restrained dominating function of cities plays an important role for dominating the whole situations with the minimum cost. So, we must consider whether its function remains safe under the unpredictable event or attack. Suppose that an unpredictable event happens. Then how many connection routes does it have to destroy so that the cost can not remains the same in order to k-rainbow restrained dominate the whole city? The minimum number of connection routes is just the k-rainbow restrained bondage number.
Our purpose in this paper is to initiate the study of the restrained k-rainbow bondage number in graphs. We first establish some sharp bounds for the restrained k-rainbow bondage number of a graph. In particular, we prove that for any tree T of order n ≥ 5 with diam(T ) ≥ 3 and different from P 5 , P 6 , b r r 2 (T ) ≤ (n − 3)/2. In addition, we determine the restrained 2-rainbow bondage number of some classes of graphs.
We make use of the following results in this paper.
Theorem A ([5]).
For n ≥ 4, γ r r 2 (P n ) = 2n + 1 3 + 1 and γ r r 2 (P n ) = n otherwise.
Hence b r r 2 (P n ) = 1.
, then it follows from Theorem A and B that
Hence b r r 2 (C n ) = 1 if n ≡ 0 (mod 3). Now let n ≡ 1 (mod 3). Then obviously 2n + 1 3 + 1 = 2 n 3 that implies b r r 2 (C n ) ≥ 2 in this case. On the other hand, Theorems A and B imply that
Hence b r r 2 (C n ) = 2 if n ≡ 1 (mod 3). Finally let n ≡ 2 (mod 3). It is easy to see that 2n + 1 3 + 1 = 2 n 3 + 1 which implies that b r r 2 (C n ) ≥ 2 in this case. We deduce from Theorems A and B that
and so b r r 2 (C n ) = 2 in this case. This completes the proof. 
Theorem E ([11]). If k ≥ 2 is an integer and n
≥ k + 1, then b r k (K n ) = kn k + 1 .
Bounds on the restrained rainbow bondage number
In this section we first establish a sharp upper bound on the restrained 2-rainbow bondage number of trees in terms of their order and then we present two sharp bounds on the restrained 2-rainbow bondage number of general graphs.
Observation 2.1. If T = S(r, s) is a double star of order r
+ s + 2 ≥ 5, then b r r 2 (T ) = 1.
Theorem 2.2. Let T be a tree of order n
Furthermore, this bound is sharp.
Proof. If diam(T ) = 3, then
T is a double star of order at least 5 and it follows from Observation
is as large as possible. Among all paths with this property we choose a path such that |L v 3 | is as large as possible. Root T at v d . We consider the following cases.
We consider two subcases.
Clearly, n ≥ 2t + 7 and so
, and g (x) = f (x) otherwise. It is easy to see that g is a restrained 2-rainbow dominating function of T of weight less than ω( f ) and hence b r r 2 (T ) ≤ |B | ≤ (n − 3)/2 as desired.
Since deg(v 3 ) ≥ 3, we have t ≥ 1. Assume that B = {v 3 y 1 , . . . , v 3 y t , v 3 v 4 }. Then clearly n ≥ 2t +6
and so
Let T 1 , T 2 , . . . , T t , T t +1 be the components of T −B containing y 1 , y 2 , . . . , y t , v 3 respectively, and
Obviously, g is a restrained 2-rainbow dominating function of T of weight less than ω( f ) and 
rainbow dominating function of T of weight less than ω( f ) and hence b r r 2 (T ) ≤ 2 < (n − 3)/2 as desired. Henceforth, we assume that deg(v 4 ) ≥ 3 and v 4 has a neighbor of degree at least
and g (x) = f (x) otherwise. Obviously, g is a restrained 2-rainbow dominating function of T of weight less than ω( f ) and hence b r r 2 (T ) ≤ |B | ≤ (n − 3)/2.
By the choice of the diametral path, we deduce that every end-steam on a diametral path has degree 2. In particular, any child of v 3 is a leaf or a support vertex of degree 2. Consider the following subcases.
Assume that
We distinguish the following.
•
. Hence, we assume that n ≥ 7. Let
and define the function g :
It is easy to see that g is a restrained 2-rainbow dominating function of T of weight less than ω( f ) and hence b r r 2 (T ) ≤ 2 ≤ (n − 3)/2.
• 
is a restrained 2-rainbow dominating function of T of weight less than ω( f ) and hence b r r 2 (T ) ≤ (n −3)/2. If f (v 5 ) = , then let, without loss of generality, 1 ∈ f (v 5 ) and define g :
Clearly, g is a restrained 2-rainbow dominating function of T of weight less than ω( f ) that implies b r r 2 (T ) ≤ (n − 3)/2. Considering above, we may assume that any maximal subtree at each child of v 5 with depth 3, is the path P 4 . Consider the following.
• L v 5 = .
If N (v 5 ) − {v 6 
otherwise, is a restrained 2-rainbow dominating function of T of weight less than ω( f ) and so b r r 2 (T ) ≤ |B | ≤ 
is a restrained 2-rainbow dominating function of T of weight less than ω( f ) and so b r r 2 (T ) ≤ |B | ≤ (n − 3)/2. All in all, we have b r r 2 (T ) ≤ (n − 3)/2 as desired.
To prove sharpness, let T be a wounded spider obtained from the star K 1,t , (t ≥ 3) by subdividing t −2 edges. It is easy to see that n(T ) = 2t −1, γ r r 2 (T ) = 2t −2 and b r r 2 (T ) = t −2 = (n − 3)/2. 
Theorem 2.3. Let x y z be a path of length 2 in the graph G with δ(G)
It is easy to see that g is a restrained 2-rainbow dominating function of G of weight less than ω( f ) as desired. 
Now let xz ∉ E (G). If there exists a vertex
Clearly, g is a restrained 2-rainbow dominating function of G of weight less than ω( f ) as desired. Since δ(G) ≥ 2, we thus can assume that f (x 1 ) = for a vertex
In addition, we may assume that f (u) = for each vertex u ∈ N (y) − {x, z}. Suppose that u 1 ∈ N (y) − {x, z} (possibly u 1 = x 1 ). Assume, without loss of generality, that 1 ∈ f (u 1 ). De-
, and g (w ) = f (w ) for w ∈ V (G) − {x, y, z, x 1 }. It is easy to see that g is a restrained 2-rainbow dominating function of G with weight less than ω( f ) as desired. This completes the proof. fined by g (x) = {1}, g (z) = {2}, g (y) = and g (w ) = f (w ) for w ∈ V (G) − {x, y, z} is a restrained 2-rainbow dominating function of G with weight less than ω( f ) as desired. Hence, we assume
g is a restrained 2-rainbow dominating function of G with weight less than ω( f ) as desired.
Thus γ r r 2 (G 1 ) > γ r r 2 (G) implying that b r r 2 (G) ≤ |X | and the proof is complete.
Complete graphs and complete bipartite graphs
In this section, we determine the restrained 2-rainbow bondage number of complete graphs and complete bipartite graphs.
Observation 3.1. For every graph G with
Proof. By Observation 3.1 and Theorem E, we have b r r 2 (K n ) ≤ 2n 3 . Now we show that
. . , x n } be the vertex set of K n and let B be a b r r 2 (K n )-set. Assume, to the contrary, that |B | < 
Proof. If n = 3, then we have b r r 2 (K 3 ) = 1. Let n ≥ 4 and V (K n ) = {x 1 , x 2 , . . . , x n } be the vertex set of K n . It follows from Theorem D that γ r r 2 (K n − {x 1 x 2 , . . . , x 1 x n−1 }) ≥ 3. Also the function f defined by f (x 1 ) = {1}, f (x 2 ) = {1, 2} and f (x) = otherwise, is an R2RDF of K n − B of weight 3 that implies γ r r 2 (K n − {x 1 x 2 , . . . ,
it follows from Theorem D that γ r r 2 (K 4 − e) = 2 for each e ∈ E (K 4 ) and so b r r 2 (K 4 ) = 2. If n = 5, then clearly for every two edges e 1 , e 2 ∈ E (K 5 ), we have ∆(K 5 −{e 1 , e 2 }) = 4 and δ(K 5 −{e 1 , e 2 }) ≥ 2. Hence, γ r r 2 (K 5 − {e 1 , e 2 }) = 2 by Theorem D that implies b r r 2 (K 5 ) = 3. Let 6 ≤ n ≤ 8. Since n − 2 = 2n 3 , using an argument similar to that described in the proof of Proposition 3.2 leads to b r r 2 (K n ) = n − 2. 
